We study the two-neutrino double-β decay in 76 Ge, 116 Cd, 128 Te, 130 Te, and 150 Nd, as well as the two Gamow-Teller branches that connect the double-β decay partners with the states in the intermediate nuclei. We use a theoretical microscopic approach based on a deformed selfconsistent mean field with Skyrme interactions including pairing and spin-isospin residual forces, which are treated in a proton-neutron quasiparticle random-phase approximation. We compare our results for Gamow-Teller strength distributions with experimental information obtained from charge-exchange reactions. We also compare our results for the two-neutrino double-β decay nuclear matrix elements with those extracted from the measured half-lives. Both single-state and low-lying-state dominance hypotheses are analyzed theoretically and experimentally making use of recent data from chargeexchange reactions and β decay of the intermediate nuclei.
I. INTRODUCTION
Double-β decay is currently one of the most studied processes both theoretically and experimentally [1] [2] [3] [4] [5] . It is a rare weak-interaction process of second-order taking place in cases where single β decay is energetically forbidden or strongly suppressed. It has a deep impact in neutrino physics because the neutrino properties are directly involved in the neutrinoless mode of the decay (0νββ) [6] [7] [8] . This decay mode, not yet observed, violates lepton-number conservation and its existence would be an evidence of the Majorana nature of the neutrino, providing a measurement of its absolute mass scale. Obviously, to extract a reliable estimate of the neutrino mass, the nuclear structure component of the process must be determined accurately. On the other hand, the double-β decay with emission of two neutrinos (2νββ) is perfectly allowed by the Standard Model and it has been observed experimentally in several nuclei with typical half-lives of 10 19−21 years (see Ref. [9] for a review). Thus, to test the reliability of the nuclear structure calculations involved in the 0νββ process, one checks first the ability of the nuclear models to reproduce the experimental information available about the measured half-lives for the 2νββ process. Although the nuclear matrix elements (NME) involved in both processes are not the same, they exhibit some similarities. In particular, the two processes connect the same initial and final nuclear ground states and share common intermediate J π = 1 + states. Therefore, reproducing the 2νββ NMEs is a requirement for any nuclear structure model aiming to describe the neutrinoless mode.
Different theoretical approaches have been used in the past to study the 2νββ NMEs. Most of them belong to the categories of the interacting shell model [10] [11] [12] , proton-neutron quasiparticle random-phase approximation (QRPA) [1, 2, [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] , projected Hartree-FockBogoliubov [23] [24] [25] , and interacting boson model [26] [27] [28] .
In this work we focus on the QRPA type of calculations. Most of these calculations were based originally on a spherical formalism, but the fact that some of the double-β-decay nuclei are deformed, makes it compulsory to deal with deformed QRPA formalisms [18] [19] [20] [21] [22] . This is particularly the case of 150 Nd ( 150 Sm) that has received increasing attention in the last years because of the large phase-space factor and relatively short half-life, as well as for the large Q ββ energy that will reduce the background contamination.
150 Nd is currently considered as one of the best candidates to search for the 0νββ decay in the planned experiments SNO+, SuperNEMO, and DCBA.
The experimental information to constrain the calculations is not limited to the 2νββ NMEs extracted from the measured half-lives. We have also experimental information on the Gamow-Teller (GT) strength distributions of the single branches connecting the initial and final ground states with all the J π = 1 + states in the intermediate nucleus. The GT strength distributions have been measured in both directions from (p,n) and (n,p) chargeexchange reactions (CER) and more recently, from high resolution reactions, such as (d, 2 He), ( 3 He,t), and (t, 3 He) that allow us to explore in detail the low energy structure of the GT nuclear response in double-β-decay partners [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] . In some instances there is also experimental information on the log(f t) values of the decay of the intermediate nuclei.
Nuclear structure calculations are also constrained by the experimental occupation probabilities of neutrons and protons of the relevant single-particle levels involved in the double-β-decay process. In particular, the occupation probabilities of the valence shells 1p 3/2 , 1p 1/2 , 0f 5/2 , and 0g 9/2 for neutrons in 76 Ge and for protons in 76 Se have been measured in Refs. [39] and [40] , respectively. The implications of these measurements on the double-β decay NMEs have been studied in Refs. [41] [42] [43] [44] .
In this paper we explore the possibility to describe all the experimental information available on the GT nuclear response within a formalism based on a deformed QRPA approach built on top of a deformed selfconsistent Skyrme Hartree-Fock calculation [45] [46] [47] . This information includes global properties about the GT resonance, such as its location and total strength, a more detailed description of the low-lying excita-tions, and 2νββ-decay NMEs. The study includes the decays 76 [35] . We also discuss on these examples the validity of the single-state dominance (SSD) hypothesis [48] and the extended low-lying-state dominance (LLSD) that includes the contribution of the lowlying excited states in the intermediate nuclei to account for the double-β-decay rates.
The paper is organized as follows: In Section II, we present a short introduction to the theoretical approach used in this work to describe the energy distribution of the GT strength. We also present the basic expressions of the 2νββ-decay. In Section III we present the results obtained from our approach, which are compared with the experimental data available. Section IV contains a summary and the main conclusions.
II. THEORETICAL APPROACH
The description of the deformed QRPA approach used in this work is given elsewhere [19, 49, 50] . Here we give only a summary of the method. We start from a selfconsistent deformed Hartree-Fock (HF) calculation with density-dependent two-body Skyrme interactions. Time reversal symmetry and axial deformation are assumed in the calculations [51] . Most of the results in this work are performed with the Skyrme force SLy4 [52] , which is one of the most widely used and successful interactions. Results from other Skyrme interactions have been studied elsewhere [45] [46] [47] 53] to check the sensitivity of the GT nuclear response to the two-body effective interaction.
In our approach, we expand the single-particle wave functions in terms of an axially symmetric harmonic oscillator basis in cylindrical coordinates, using twelve major shells. This amounts to a basis size of 364, the total number of independent (N, n z , λ, Ω > 0) deformed H.O. states. Pairing is included in BCS approximation by solving the corresponding BCS equations for protons and neutrons after each HF iteration. Fixed pairing gap parameters are determined from the experimental mass differences between even and odd nuclei. Besides the selfconsistent HF+BCS solution, we also explore the energy curves, that is, the energy as a function of the quadrupole deformation β 2 , which are obtained from constrained HF+BCS calculations.
The energy curves corresponding to the nuclei studied can be found in Refs. [46, 47, 53] [46, 47, 53] , but the equilibrium deformations are very close to each other changing at most by a few percent.
After the HF+BCS calculation is performed, we introduce separable spin-isospin residual interactions and solve the QRPA equations in the deformed groundstates to get GT strength distributions and 2νββ-decay NMEs. The residual force has both particle-hole (ph) and particle-particle (pp) components. The repulsive ph force determines to a large extent the structure of the GT resonance and its location. Its coupling constant χ GT ph is usually taken to reproduce them [49, 50, [54] [55] [56] . We use χ GT ph = 3.0/A 0.7 MeV. The attractive pp part is basically a proton-neutron pairing interaction. We also use a separable form [50, 55] with a coupling constant κ GT pp usually fitted to reproduce the experimental halflives [56] . We use in most of this work a fixed value κ GT pp = 0.05 MeV, although we will explore the dependence of the 2νββ NMEs on κ GT pp in the next section. Earlier studies on 150 Nd and 150 Sm carried out in Refs. [21, 57] using a deformed QRPA formalism showed that the results obtained from realistic nucleon-nucleon residual interactions based on the Brueckner G matrix for the CD-Bonn force produce results in agreement with those obtained from schematic separable forces similar to those used here.
The QRPA equations are solved following the lines described in Refs. [49, 50, 55] . The method we use is as follows. We first introduce the proton-neutron QRPA phonon operator
where α + and α are quasiparticle creation and annihilation operators, respectively. ω K labels the RPA excited state and its corresponding excitation energy, and X ωK πν , Y ωK πν are the forward and backward phonon amplitudes, respectively. The solution of the QRPA equations are obtained by solving first a dispersion relation [50, 55] , which is of fourth order in the excitation energies ω K . The GT transition amplitudes connecting the QRPA ground state |0 (Γ ωK |0 = 0) to one phonon states |ω K (Γ + ωK |0 = |ω K ) are given in the intrinsic frame by
where
ν,π ) are the BCS occupation amplitudes for neutrons and protons. Once the intrinsic amplitudes are calculated, the GT strength B(GT) in the laboratory frame for a transition
To obtain this expression we have used the Bohr and Mottelson factorization [58] to express the initial and final nuclear states in the laboratory system in terms of the intrinsic states. A quenching factor, q = g A /g A,bare = 0.79, is applied to the weak axial-vector coupling constant and included in the calculations. The physical reasons for this quenching have been studied elsewhere [10, 59, 60] and are related to the role of non-nucleonic degrees of freedom, absent in the usual theoretical models, and to the limitations of model space, many-nucleon configurations, and deep correlations missing in these calculations. The implications of this quenching on the description of single-β and double-β-decay observables have been considered in several works [12, 27, [61] [62] [63] [64] , where both the effective value of g A and the coupling strength of the residual interaction in the pp channel are considered free parameters of the calculation. It is found that very strong quenching values are needed to reproduce simultaneously the observations corresponding to the 2νββ half-lives and to the single-β decay branches. One should note however, that the QRPA calculations that require a strong quenching to fit the 2νββ NMEs were performed within a spherical formalism neglecting possible effects from deformation degrees of freedom. Because the main effect of deformation is a reduction of the NMEs, deformed QRPA calculations shall demand less quenching to fit the experiment.
Concerning the 2νββ-decay NMEs, the basic expressions for this process, within the deformed QRPA formalism used in this work, can be found in Refs. [18, 19, 65] . Deformation effects on the 2νββ NMEs have also been studied within the Projected Hartree-Fock-Bogoliubov model [24] . Attempts to describe deformation effects on the 0νββ decay within QRPA models can also be found in Refs. [22, 66] .
The half-life of the 2νββ decay can be written as
where G 2νββ are the phase-space integrals [67, 68] and M 2νββ GT the nuclear matrix elements containing the nuclear structure part involved in the 2νββ process,
In this equation 
is the QRPA excitation energy relative to the initial (final) nucleus. It turns out that the NMEs are quite sensitive to the values of the denominator, especially for low-lying states, where the denominator takes smaller values. Thus, it is a common practice to use some experimental normalization of this denominator to improve the accuracy of the NMEs. In this work we also consider the denominator D 2 , which is corrected with the experimental energyω 1 + 1 of the first 1 + state in the intermediate nucleus relative to the mean ground-state energy of the initial and final nuclei, in such a way that the experimental energy of the first 1 + state is reproduced by the calculations,
Running 2νββ sums will be shown later for the two choices of the denominator D 1 and D 2 . When the ground state in the intermediate nucleus of the double-β-decay partners is a 1 + state, the energyω 1
is given bȳ [35] . Therefore, to a good approximation we also determineω 1 + 1 using Eq. (10). The existing measurements for the 2νββ-decay halflives (T 2νββ 1/2 ) have been recently analyzed in Ref. [9] . Adopted values for such half-lives can be seen in Table I. Using the phase-space factors from the evaluation [67] that involves exact Dirac wave functions including electron screening and finite nuclear size effects, we obtain the experimental NMEs shown in Table I , for bare g A,bare = 1.273 and quenched g A = 1 factors. It should be clear that the theoretical NMEs defined in Eq. (7) do not depend on the g A factors. Hence, the value obtained for the experimental NMEs extracted from the experimental half-lives through Eq. (6) depend on the g A value used in this equation.
III. RESULTS

A. Gamow-Teller strength distributions
The energy distributions of the GT strength obtained from our formalism are displayed in Figs. 1-2 . Figure  1 contains Figs. 3-4 contain the accumulated GT strength in the low excitation energy. Figure 3 contains the same cases as in Fig. 1 with additional highresolution data from Ref. [36] for 76 Ge and from Ref. [38] for 128, 130 Te. Figure 4 contains the same cases as in Fig. 2 , but as accumulated strengths in the low-energy range.
One should notice that the measured strength extracted from the cross sections contains two types of contributions that cannot be disentangled, namely GT (σt ± operator) and isovector spin monopole (IVSM) (r 2 σt ± operator). Thus, the measured strength corresponds actually to B(GT+IVSM). Different theoretical calculations evaluating the contributions from both GT and IVSM modes are available in the literature [35, 37, [69] [70] [71] . The general conclusion tells us that in the (p,n) direction the strength distribution below 20 MeV is mostly caused by the GT component, although non-negligible contributions from IVSM components are found between 10 and 20 MeV. Above 20 MeV, there is no significant GT strength in the calculations. In the (n,p) direction the GT strength is expected to be strongly Pauli blocked in nuclei with more neutrons than protons and therefore, the measured strength is mostly due to the IVSM resonance. Nevertheless, the strength found in low-lying isolated peaks is associated with GT transitions because the continuous tail of the IVSM resonance is very small at these energies and is not expected to exhibit any peak. In summary, the measured strength in the (p, n) direction can be safely assigned to be GT in the low energy range below 10 MeV and with some reservations between 10 and 20 MeV. Beyond 20 MeV the strength would be practically due to IVSM. On the other hand, the measured strength in the (n, p) direction would be due to IVSM transitions, except in the low-lying excitation energy below 2-3 MeV, where the isolated peaks observed can be attributed to GT strength. This is the reason why we plot experimental data in Fig. 4 Fig. 1, but for In general terms, we reproduce fairly well the global properties of the GT strength distributions, including the location of the GT − resonance and the total strength measured (see Fig. 1 ). In the (n,p) direction, the GT + strength is strongly suppressed (compare the vertical scales in Figs. 1 and 2) . As expected, a strong suppression of GT + takes place in nuclei with a large neutron excess. The experimental information on GT + strengths is mainly limited to the low-energy region and it is fairly well reproduced by the calculations. The accumulated strengths in the low-energy range shown in Figs. 3-4 show more clearly the degree of accuracy achieved by the calculations. Although a detailed spectroscopy is beyond the capabilities of our model and the isolated transitions are not well reproduced by our calculations, the overall agreement with the total strength contained in this reduced energy interval, as well as with the profiles of the accumulated strength distributions, is satisfactory. In general, the experimental B(GT − ) shows spectra more fragmented than the calculated ones, but the total strength up to 3 MeV is well reproduced with the only exception of 116 Cd, where we obtain less strength than observed. The total measured B(GT + ) strength up to 3 MeV is especially well reproduced in the case of 150 Sm, whereas it is somewhat underestimated in 76 Se and overestimated in 116 Sn. Fig. 2 [38] . The sensitivity of these distributions to the effective interactions and to nuclear deformation was discussed in previous works [19, 45, 47, 53, 65] . Different calculations [18, 21, 61, 71, 73] Nd as a function of the coupling strength κ GT pp . Solid lines correspond to calculations with the energy denominator D1, while dashed lines correspond to D2. The gray area corresponds to the NME experimental range obtained from the measured half-lives using bare gA = 1.273 and quenched gA = 1 factors.
B. Double-β decay
It is well known that the 2νββ NMEs are very sensitive to the residual interactions, as well as to differences in deformation between initial and final nuclei [18, 19] . We show in Nd. The shaded bands correspond to the experimental NMEs extracted from the measured 2νββ half-lives. For each nucleus the band is delimited by the lower and upper values obtained using bare (g A = 1.273) and quenched values, respectively, (see Table I ). Results obtained with the energy denominator D 1 are displayed with solid lines, whereas results obtained with D 2 are shown with dashed lines. D 2 denominators produce in all cases larger NMEs than D 1 . We can see that the experimental NMEs contained in the shaded region are reproduced within some windows of the parameter κ GT pp . It is not our purpose here to get the best fit or the optimum value of κ GT pp that reproduces the experimental NMEs because this value will change by changing χ GT ph or the underlying mean field structure. In this work we take κ GT pp = 0.05 MeV as an approximate value that reproduces reasonably well the experimental information on both single β branches and 2νββ NMEs. can be estimated by looking at the corresponding κ GT pp values in Fig. 5 . As in the previous figure, we also show the results obtained with denominators D 1 (solid) and D 2 (dashed). The main difference between them is originated at low excitation energies, where the relative effect of using shifted energies is enhanced. The effect at larger energies is negligible and we get a constant difference between D 1 and D 2 , which is the difference accumulated in the first few MeV. The contribution to the 2νββ NMEs in the region between 10-15 MeV that can be seen in most cases, is due to the GT resonances observed in Fig.  1 . This contribution is small because the joint effects of large energy denominators in Eq. (7) and the mismatch between the excitation energies of the GT − and GT + resonances.
The running sums are very useful to discuss the extent to which the single-state-dominance hypothesis applies. This hypothesis tells us that, to a large extent, the 2νββ NMEs will be given by the transition through the ground In and 128 I in the nuclei considered here), the SSD condition is extended by considering the relative contributions of the low-lying excited states in the intermediate nuclei to the total 2νββ NMEs. This is called low-lying-single-state dominance [65] and can be studied in all 2νββ nuclei. From the results displayed in Fig. 6 we cannot establish clear evidences for SSD hypothesis from our calculations. Nevertheless, it is also worth mentioning that our NMEs calculated up to 5 MeV, already account for most of the total NME calculated up to 20 MeV. This results agrees qualitatively with other results obtained in different QRPA calculations [74, 75] .
The SSD hypothesis can be tested experimentally in 
with A=6289 s [76] . Finally the 2νββ NME within SSD is evaluated as
. (12) One can also determine the 2νββ NME running sums using the experimental B(GT) extracted from CERs and using the same phases for the matrix elements if one can establish a one-to-one correspondence between the intermediate states reached from parent and daughter. Then, one can construct the 2νββ NMEs from the measured GT strengths and energies in the CERs in the parent and daughter partners,
where E m is the excitation energy of the mth 1 + state relative to the ground state of the intermediate nucleus.
Experimental 2νββ NMEs running sums have been determined along this line using experimental B(GT) from CERs in Ref. [36] for 76 Ge, in Ref. [37] for 116 Cd, and in Ref. [35] for 150 Nd. In the case of 128,130 Te they have not been determined because of the lack of data in the (n,p) direction. They can be seen in Fig. 6 76 As [34] . A large fragmentation of the GT strength was found in the experiment, not only at high excitation energies, but also at low excitation energy, which is rather unusual. In addition, a lack of correlation between the GT excitation energies from the two different branches was also observed. Thus, for the evaluation of the 2νββ NMEs a one-toone connection between the B(GT − ) and B(GT + ) transitions leading to the excited state in the intermediate nucleus needs to be established. In particular, since the spectra from the two CER experiments had rather different energy resolutions, the strength was accumulated in similar bins to evaluate the 2νββ NMEs [36] . The summed matrix element amounted to 0. [35] . Extending the running sum by associating the corresponding GT strengths bins from the reactions in both directions and assuming a coherent addition of all the bins, one gets M 2νββ GT (SSD)=0.13 MeV −1 [35] up to an excitation energy in the intermediate nucleus of 3 MeV. This experimental running sum is included in Fig. 6 . In all the cases the experimental running sum is larger than the calculations and tend to be larger than the experimental values extracted from the half-lives. However, one should always keep in mind that the present experimental LLSD estimates are indeed upper limits because the phases of the NMEs are considered always positive. Although the present calculations favor coherent phases in the low-energy region, the phases could change depending on the theoretical model. In particular the sensitivity of these phases to the pp residual interaction has been studied in Ref. [57] .
IV. SUMMARY AND CONCLUSIONS
In summary, using a theoretical approach based on a deformed HF+BCS+QRPA calculation with effective Skyrme interactions, pairing correlations, and spinisospin residual separable forces in the ph and pp channels, we have studied simultaneously the GT strength distributions of the double-β-decay partners ( NMEs. In this work we use reasonable choices for the two-body effective interaction, residual interactions, deformations, and quenching factors. The sensitivity of the results to the various ingredients in the theoretical model was discussed elsewhere. Our results for the energy distributions of the GT strength have been compared with recent data from CERs, whereas the calculated 2νββ NMEs have been compared with the experimental values extracted from the measured half-lives for these processes, as well as with the running sums extracted from CERs
The theoretical approach used in this work has demonstrated to be well suited to account for the rich variety of experimental information available on the nuclear GT response. The global properties of the energy distributions of the GT strength and the 2νββ NMEs are well reproduced, with the exception of a detailed description of the low-lying GT strength distributions that could clearly be improved. The 2νββ NMEs extracted from the experimental half-lives are also reproduced by the calculations with some overestimation (underestimation) in the case of 116 Cd ( 128 Te). We have also upgraded the theoretical analysis of SSD and LLSD hypotheses and we have compared our calculations with the experimental running sums obtained by considering recent measurements from CERs and decays of the intermediate nuclei.
It will be interesting in the future to extend these calculations by including all the double-β-decay candidates and to explore systematically the potential of this method. It will be also interesting to explore the consequences of the isospin symmetry restoration, as it was investigated in Ref. [77] . In HF+BCS and QRPA neither the ground states nor the excited states are isospin eigenstates, but the expectation values of the T z operator are conserved. This implies that in the B(GT − ) the transition operator connects states with a given expectation value of T z = (N − Z)/2 to states with expectation value of T z = (N − Z)/2 − 1.
